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Abstract 
This article, in allusion to the limitation of conventional stellar horizon atmospheric refraction based on orbital dynamics 
model and nonlinear Kalman filter in practical applications, proposes a new celestial analytic positioning method by stellar hori-
zon atmospheric refraction for high-altitude flight vehicles, such as spacecraft, airplanes and ballistic missiles. First, by setting 
up the geometric connexion among the flight vehicle, the Earth and the altitude of starlight refraction, an expression for the rela-
tionship of starlight refraction angle and atmospheric density is deduced. Second, there are produced a novel measurement model 
of starlight refraction in a continuous range of altitudes (CRA) from 20 km to 50 km on the basis of the standard atmospheric 
data in stratosphere, and an empirical formula of stellar horizon atmospheric refraction in the same altitudes against the tangent 
altitude. Third, there is introduced a celestial analytic positioning algorithm, which uses the least square differential correction 
instead of nonlinear Kalman filter. The information about positions of a flight vehicle can be obtained directly by solving a set of 
nonlinear measurement equations. The stellar positioning algorithm adopts the characteristics of stellar horizon atmospheric re-
fraction thereby removing needs for orbit dynamics models and priori knowledge of flight vehicles. The simulation results evi-
dence the validity of the proposed stellar positioning algorithm. 
Keywords: navigation systems; sensors; atmospheric optics; mathematical models; least squares approximations 
1.  Introduction 1 
The precision of horizon sensing brings most im-
portant influences to bear on celestial navigation ac-
curacy. According to the mode of horizon sensing, 
celestial navigation methods can be categorized into 
two major kinds: the direct horizon-sensing method 
based on “intercept method”[1] and the indirect hori-
zon-sensing method through stellar horizon atmos-
pheric refraction[2]. The first method suffers poorer 
positioning accuracy because the Earth’s irregular sur-
face and the lower accuracy of horizon sensors could 
hardly match the higher accuracy of star sensors. In 
contrast, the second method is a kind of newly-devel-
oped low-cost high-precision autonomous stellar posi-
tioning schemes. This scheme adopts the orbital 
dynamics, the high-precision charge-coupled device 
(CCD) star sensors and the mathematics model of 
starlight refraction in the atmosphere to sense the 
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horizon to achieve high-precision positioning for 
spacecraft[3]. The multi-mission attitude determination 
and autonomous navigation (MADAN), which was put 
into tests and had come into application in 1990s, just 
uses the principles of starlight refraction[4]. The major 
factors that impact on the accuracy of celestial naviga-
tion by stellar horizon atmospheric refraction are the 
errors in measuring starlight refraction angles and the 
model uncertainty of stellar horizon atmospheric re-
fraction.  
The indirect horizon-sensing celestial navigation 
based on the orbital dynamics is facing some knotty 
problems in practical application. First, since the dis-
tribution of actual Earth’s atmospheric pressure, tem-
perature and density is not even but varies with time, 
the model of stellar horizon atmospheric refraction is 
difficult to ascertain. Moreover, the accuracy and ap-
plicability of the navigation system could hardly be 
ensured due to uncertainty of the stellar horizon at-
mospheric refraction model. Second, it is required to 
set up an accurate model of the system[5]. The accurate 
model, which would have been found with great ef-
forts, might probably be too complicated to fulfill the 
realtime requirements due to a huge computational 
workload. Third, the movement characteristics of most 1000-9361© 2009 Elsevier Ltd. Open access under CC BY-NC-ND license.
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flight vehicles fail to satisfy the orbital dynamics equa-
tions. Fourth, the nonlinear measurement equation of 
celestial navigation system needs some nonlinear fil-
tering methods[6-8]. However, the noise of this system 
can not be described by a simple Gaussian distribution, 
and even its statistical characteristics is unknown. 
From the practical standpoint, the filtering perform-
ance would decline and, maybe, lead to filtering di-
vergence. 
Obviously, the conventional celestial navigation by 
stellar horizon atmospheric refraction needs not only a 
high-precision orbital dynamics model, but also a reli-
able nonlinear filter, which limits the realtime per-
formance, positioning accuracy and the application 
range when the system works. Therefore, in order to 
improve the realtime performance, reliability, posi-
tioning accuracy and to expand the application range 
of celestial navigation by stellar horizon atmospheric 
refraction, is proposed a novel starlight atmospheric 
refraction model with empirical formula for continu-
ous altitudes ranging from 20 km to 50 km, which as-
sociates with temperature models, intensity models, 
atmospheric density models, and atmospheric density 
scale altitude models fit for a continuous range of alti-
tudes (CRA). Moreover, this article also puts forward 
an analytic positioning algorithm of stellar horizon 
atmospheric refraction based on the least square dif-
ferential correction. 
2. Principle and Establishment of Stellar Horizon 
Atmospheric Refraction Celestial Navigation 
Model 
2.1. Principle of stellar horizon atmospheric refraction 
celestial navigation 
The principle of celestial navigation by stellar hori-
zon atmospheric refraction is to make simultaneous 
observation of two stars by using two star sensors[2]. 
The angle between the navigation starlight and the 
refracted starlight will be different from the standard 
value, and this difference is called the starlight refrac-
tion angle. The starlight refraction angle is mainly de-
termined by atmospheric density which can be de-
scribed by a relatively accurate model. Thereby, the 
altitude of starlight in atmosphere which indicates 
flight vehicle’s position with respect to the Earth can 
be accurately confirmed by Fig.1. 
Referring to Fig.1, according to geometric relations 
among the flight vehicle, the Earth and the refracted 
starlight, the measurement equation of an apparent ray 
altitude can be expressed by 
2 2
ea ( ) tan( )h r u u R R   r       (1) 
where ha(r) is the apparent ray altitude of refracted star-
light, r the position vector from the Earth core to the 
flight vehicle, R the starlight refraction angle, | |,r  r   
u=|r  us|=|xsx+ysy+zsz|, us=[sx  sy  sz]T the unit posi-
tion vector of the star without refraction in the geocen-
tric-equatorial inertial coordinate system, and Re the 
Earth’s radius. 
 
Fig.1  Starlight refraction for indirect horizon sensing ce-
lestial measurement. 
Eq.(1) sets up the relation of the apparent ray alti-
tude ha(r) in terms of the vehicle’s position vector r. As 
there are three unknown parameters, viz x, y and z in 
Eq.(1), they can be found out only when three or more 
stars are watched at once. Now, the emergence of star 
sensors with wide-angle lens makes it possible to ob-
serve multiple refracted stars at the same time[9]. Then, 
the 3D position of a flight vehicle can be fixed by 
solving the set of equations. As the star sensor’s preci-
sion is much higher than that of the horizon sensor, the 
use of stellar horizon atmospheric refraction could 
acquire more precise observation than that of a horizon 
sensor. 
2.2. Establishment of stellar horizon atmospheric re-
fraction model 
The formula pertinent to the starlight refraction an-
gle shows that the angle is directly correlated to the 
atmospheric density at the refraction tangent altitude. 
However, limited by observed data, an accurate at-
mospheric density model in stratosphere covering the 
whole globe can not be established yet at present. This 
makes us resort to an approximate or empirical model 
based on the experimental data. 
 (1) Model of atmospheric density 
Within a limited altitude over the Earth, the atmos-
pheric density can be described by an exponential 
function of the altitude. 
0
0( ) exp ( )ȡ
h hȡ h ȡ
H h
§ · ¨ ¸¨ ¸© ¹
          (2) 
where ȡ(h) is the atmospheric density as a function of 
altitude h, and ȡ0 the atmospheric density at sea level 
altitude h0. The density scale altitude at altitude h is 
given by [10] 
*
P
*
P 0
( ) ( )( ) d ln ( ) d ( )1 ( ) ( )
d d
H h R T hH h T h T hH h M g h R
h h
U    
 (3) 
where T(h) is the molecular scale temperature at alti-
tude h, HP(h) is the pressure scale altitude at altitude h, 
R* and M0 are the universal gas constant and molecular 
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quantity at sea level respectively and g(h) is the gravity 
acceleration at altitude h. 
(2) Model of the relation between tangent altitude 
and apparent ray altitude 
 The Earth’s physical properties can be used to es-
tablish the relationship between the starlight refraction 
angle R and the tangent altitude hb of refracted star-
light. However, it is only by means of the apparent ray 
altitude ha that could link the starlight refraction angle 
R to a vehicle’s position. According to the optics for-
mulas and starlight refraction geometry, the 
relationship between ha and R can be expressed by 
a e= ( 1) +h R ȝ ȝh            (4) 
where P is the index of refraction at altitude h.  
By inserting ȝ1 = k(Ȝ)U (h) into Eq.(4), the following 
can be obtained[10] 
      ea ( ) ( )h h k R hO U            (5) 
whereO is the wavelength of starlight and equals 0.7 ȝm, 
( )k O the scattering parameter, which equals 2.251 7u  
107. 
(3) Model of stellar horizon atmospheric refraction 
 For standard atmosphere, g(h), HU(h) and T(h) vary 
with the altitude, but within a given limited range of 
altitudes, the HU(h) changes quite little. Under hy-
pothesis of constant HU(h) within this altitude range, an 
approximation of starlight refraction angle according 
to optical properties of atmosphere can be expressed 
by 
e2ʌ( )( ) ( )
( )
R hR k h
H hU
O U           (6) 
where R is measured in rad and h in m. 
  Substituting the atmospheric model Eq.(2) into 
Eq.(6), then the refraction angle can be redefined as 
0 e
0
2ʌ( )( ) exp
( ) ( )
h h R hR k
H h H hU U
O U § ·  ¨ ¸¨ ¸© ¹
     (7) 
 Using Eq.(3) and Eq.(5), Eq.(7) could be rewritten 
as 
a 0 ( ) ln ( )h h H h R H hUU   <  
ee
0
( ) ( )2ʌ( )ln ( )
( ) 2ʌ
H h R hR hk R
H h
U
U
O U§ · ¨ ¸ ¨ ¸© ¹
  (8) 
As Re is far bigger than h, Eq.(8) can be simplified 
into 
 a 0 lnh h H h RU    
ee
0
( )2ʌ( ) ln ( )
( ) 2ʌ
H h RRH h k R
H h
U
U
U
O U§ ·¨ ¸ ¨ ¸© ¹
  (9) 
 Eq.(7) and Eq.(9) point out the relationship among 
starlight refraction tangent altitude, apparent ray alti-
tude and the starlight refraction angle.  
In celestial navigation systems with the refracted 
starlight to sense the Earth’s horizon, more than one 
star must be observed simultaneously or continuously. 
However, the traditional fixed-altitude starlight at-
mospheric refraction model is confined to a small 
range of starlight tangent altitudes, i.e. 25 km, to cap-
ture stars, which leads to very few stars that could be 
refracted and low probability for the star sensor to cap-
ture the refracted stars. This greatly limits the method 
in applications. Therefore, in order to meet the 
accuracy demands by the celestial navigation based on 
the starlight refraction, a stellar horizon atmospheric 
refraction model within a CRA is required.  
3.  Establishment of Continuous Altitude of At-
mospheric Refraction Model 
It is clear that the starlight refraction angle decreases 
as the altitude increases. At the altitude beyond 50 km, 
the angle, which has exceeded the precision scope of 
recent star sensors, will be viewed as observation noise. 
At the altitude under 20 km, it is hard to detect re-
fracted stars due to the deleterious effects of constitu-
ents in stratosphere[11]. Therefore, a refraction model 
fit for a CRA from 20 km to 50 km is built up on the 
basis of data provided by U.S. Standard Atmos-
phere[12]. 
3.1. Model of atmospheric temperature for a CRA 
In the range of altitudes from 20 km to 50 km, the 
temperature increases with the rise of altitude, but the 
variation is not equable. In the upper air, the tempera-
ture increases fast. Following this thought, a two-order 
curve can be used to fit the model of altitude-variant 
atmospheric temperature. Assuming ix h , iy T and 
using the curve-fitting algorithm, the following can be 
obtained 
2
1 1 1
2 3
1 1 1 1
2 3 4 2
1 1 1 1
m m m
i i i
i i i
m m m m
i i i i i
i i i i
m m m m
i i i i i
i i i i
m x x y
c
x x x d x y
e
x x x x y
   
    
    
ª º ª º« » « »« » « »ª º« » « »« »  « » « »« »« » « »« »¬ ¼« » « »« » « »« » « »¬ ¼ ¬ ¼
¦ ¦ ¦
¦ ¦ ¦ ¦
¦ ¦ ¦ ¦
  (10) 
where m is the high interval in the range of altitudes 
from 20 km to 50 km. 
Substituting data of altitude and temperature from 
the standard atmosphere into Eq.(10), its solution c, d 
and e can be achieved. Thus, the altitude-variant model 
of atmospheric temperature is obtained as 
( ) 218.920149 950 0 1.015 290 587 0T h h    
20.044178 804 0h            (11) 
where h and T are measured in km and K respectively. 
3.2. Model of atmospheric pressure for a CRA 
Atmospheric pressure decreases slowly as altitude 
increases. Abiding by this thought, the altitude-variant 
atmospheric pressure can be modeled by an exponen-
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tial expression P(h)=a exp(bh). Assuming xi=h, yi=ln P, 
A=ln a, B=b, and applying the curvefitting algorithm, 
the following can be deduced 
1 1
2
1 1 1
m m
i i
i i
m m m
i i i i
i i i
m x y
A
B
x x x y
  
   
ª º ª º« » « »ª º« » « » « »« » « »¬ ¼« » « »« » « »¬ ¼ ¬ ¼
¦ ¦
¦ ¦ ¦
     (12) 
Substituting the altitude and pressure data from the 
standard atmosphere into Eq.(12), solutions A and B 
can be attained. Taking aforesaid assumptions into 
consideration, parameters a and b can be achieved. 
Finally, the atmospheric pressure model is found to be  
( ) 90 637.287 961187 5exp(  0.143 848133 3 )P h h   
(13) 
where h and P are measured in kms and Pa respec-
tively. 
3.3. Model of atmospheric density for a CRA 
In the normal run of events, the atmosphere is re-
garded as an ideal gas. According to the Ideal Gas Law, 
an altitude-variant expression of atmospheric density is 
0
( )( )
( )
P hh
R T h
U              (14) 
where R0=287 J/(kggK) is the gas constant. 
Substituting Eq.(13) and Eq.(11) into Eq.(14), Eq. 
(15) could be obtained, which depicts the atmospheric 
density model for the CRA from 20 km to 50 km. 
( ) = 90 637.287 961 187 5exp(  0.143 848 133 3 )/ȡ h h
[287 (218.920 149 950 0 1.015 290 587 0hu    
20.044 178 804 0 )]h           (15) 
With a quite complicated relationship between at-
mospheric density and altitude, Eq.(15) seems to be of 
little practicality in use. To overcome this problem, 
because, as stated above, the atmospheric density var-
ies exponentially with the altitude ranging from 20 km 
to 50 km, an empirical altitude-variant formula of at-
mospheric density could be found by fitting the expo-
nential curve with data of atmospheric density from 
above-introduced models. 
( ) 1.762 161 807 9exp( 0.152 220 385 9 )h hU    (16) 
where the atmospheric density is measured in kg/m3, 
and the altitude in km. 
3.4. Model of scale atmospheric density for a CRA 
Standard atmosphere is characterized by the atmos-
pheric density scale altitude HU(h), the acceleration of 
gravity g(h) and the molecule scale temperature T(h) 
varying with the altitude. It is on this base that a 
two-order curve, HU(h)=C+Dh+Eh2 is utilized to set up 
the model of scale atmospheric density. Assuming xi=h, 
yi= HU and applying the basic curve-fitting algorithm, 
the following can be derived 
2
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1 1 1 1
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m m m m
i i i i i
i i i i
m x x y
C
x x x D x y
E
x x x x y
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¦ ¦ ¦ ¦
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 (17) 
Substituting altitude data from the standard atmos-
phere and atmospheric density scale altitude into 
Eq.(17), we can find its solutions C, D and E. Thus, 
the model of scale atmospheric density is  
( ) 6.518 205 045 8 0.037 355 360 2H h hU     
20.001 152 170 1h         (18) 
where both h and HU are measured in km. 
3.5. Model of novel stellar horizon atmospheric re-
fraction for a CRA 
Because the above-mentioned factors have been 
modeled accurately based on standard atmosphere data, 
substituting the atmospheric density model, obtained 
through temperature model (Eq.(16)), the pressure model 
(Eq.(13)) and the atmospheric density scale altitude 
model (Eq.(18)), into the starlight atmospheric refraction 
model (Eq.(7)), a model of starlight refraction angle 
varying with the starlight refraction tangent altitude is 
obtained for the CRA from 20 km to 50 km as follows: 
72.25 10 1.762 200exp(0.152 220 )R h u u u  
1
2e
2
2ʌ( )
6.518 200 0.037 350 0.001 152
R h
h h
§ ·¨ ¸ © ¹   (19) 
In the method of autonomous celestial navigation 
using the refracted starlight to sense the Earth’s hori-
zon, the starlight refraction tangent altitude is calcu-
lated with the relationship expression of the starlight 
refraction angle. Therefore, for convenience in appli-
cation, empirical formulas of stellar horizon 
atmospheric refraction model based on the data of 
refraction angles obtained from Eq.(19) are shown 
below: 7 056.436 416 680 2exp( 0.155 247 544 8 )
57.081 066 627 6 6.441 325 700 5 ln
R h
h R
  ½¾  ¿  
(20) 
where R and h are measured in arcsecs (Ǝ) and km re-
spectively. 
In order to obtain an accurate reference for assessing 
the accuracy of the stellar horizon atmospheric refraction 
model, the Charles Stark Draper Laboratory, Inc. (CSDL) 
gave a typical observed value of the starlight refraction 
angle 148Ǝ at the starlight refraction tangent altitude of 
25 km[3]. This refraction magnitude is considered to be 
exact enough for very accurate measurement. 
The starlight refraction angle at tangent altitude of 
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25 km calculated with the new model is 147.83Ǝ, with 
an error of 0.17Ǝ compared to the observed value. This 
means that the novel model can provide more accurate 
measurements than those by other models offered in 
Refs.[13-15].  
4.   A Celestial Analytic Positioning Based on Le-ast 
Squares Differential Correction 
4.1. Positioning algorithm 
From Eq.(1) on the stellar horizon atmospheric refrac-
tion, the principle of the celestial analytic positioning 
based on the least square differential correction[16-17] lies 
in iterative revision of the position vector of a flight 
vehicle to gradually approximate the calculated ap-
parent ray altitudes to the observed ones in the least 
squares sense, and finally acquire the precise flight 
vehicle’s position. The following paragraph illustrates 
the detailed steps: 
 (1) Suppose there being n refracted stars, s1u , 
s2u ,Ă, snu  that are observed with corresponding n 
observed values of the apparent ray altitude a1( )h r , 
a2 ( )h r ,Ă, a ( )nh r . Then, the observed vector is 
2 2
1 1 1 ea1
2 2
a2 2 2 2 e
2 2a e
tan( )( )
( ) tan( )( )
( ) tan( )n n n n
r u u R Rh
h r u u R R
h r u u R R
ª º  ª º « »« » « »  « »  « »« » « »« » « »« »¬ ¼   « »¬ ¼


# #

r
rH r
r
 
where sj j xj yj zju xs ys zs    r u , and sj  u [ xjs  
T]yj zjs s  is the unit position vector of the jth refracted 
star in the geocentric-equatorial inertial coordinate 
system and jR the starlight refraction angle of the jth 
refracted star with nj ,,2,1 " . 
(2) Let the initial position vector be 0r  and solve the 
measurement equations to find out n  calculated results 
of the apparent ray altitude a1 0( )h r , a2 0( )h r ,Ă, a 0( )nh r . 
These results constitute the calculation vector as  
2 2
0 1 1 1 ea1 0
2 2
a2 0 0 2 2 2 e
0
2 2a 0
0 e
tan( )( )
( ) tan( )( )
( ) tan( )n n n n
r u u R Rh
h r u u R R
h r u u R R
ª º  ª º « »« » « »  « »  « »« » « »« » « »¬ ¼   « »¬ ¼
# #
r
r
H r
r
 
(3) The first-order Taylor series expansion of the 
measured vector ( )H r  at the point of the calculated 
vector 0( )H r is  
0( ) ( )  ' H r H r A r V  
where 0rrr  '  is the differential correction of 
position vector r0, V the residual, A the partial deriva-
tive of the measured vector ( )H r  with respect to the 
position vector r, which is expressed by 
a1 a1 a1
a2 a2 a2
a a a
( ) ( ) ( )
( ) ( ) ( )
( )
( ) ( ) ( )n n n
h h h
x y z
h h h
x y z
h h h
x y z
w w wª º« »w w w« »w w w« »w « »w w w  « »w « »« »w w w« »« »w w w¬ ¼

# # #
r r r
r r r
H rǹ
r
r r r
 
(4) Find the least square solution of the differential 
correction r' . This means finding the minimum of 
the following objective function, 
T T
0
0
[ ( ) ( ) ]
[ ( ) ( ) ]
J     '
  '
 <

V V H r H r A r
H r H r A r
 
Seek the partial derivative of objective function J 
with respect to the differential correction r' , and 
define 
T T
02 ( ( ) ( )) 2
Jw     '  w' 0
A H r H r A A r
r
 
The normal equation has the form: 
T T
0( ( ) ( ))'  A A r A H r H r  
Consequently, the least square solution of the dif-
ferential correction 'r is found to be 
T 1 T
0ˆ ( ) ( ( ) ( ))
'  r A A A H r H r  
(5) Update the position vector by: 
1 0 ˆ  'r r r  
(6) Use an approximate error H  to judge if the it-
eration could be finished. If not, repeat the procedure 
by returning to the Step (2) with the updated position 
vector 1r . 
4.2. Error analysis 
Assume the initial iterative position to be 0  X  
T
0 0 0[ ]x y z , the real position 
T[ ]x y z X , and 
the least square estimated position Tˆ ˆ ˆ ˆ[ ]x y z X . 
Similarly, suppose the real differential correction to be 
r' and the least square estimation rˆ' . 
Then, the estimation error of the position is denoted by 
ˆ ˆ'    '  'X X X r r         (21) 
By defining T 1 T( )'  'r A A A A r and substituting 
r'  and rˆ'  into Eq.(21), the following could be 
obtained 
T 1 Tˆ ( )'  '  '  <X r r A A A  
T 1 T
0[( ( ) ( )) ] ( ) (22)
  '  H r H r A r A A A V  
The position error variance matrix is 
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T
T 1 T T 1
[ ]
( ) [ ] ( ) (23)T
E
E 
 ' '  P X X
A A A VV A A A
    
Let the variance matrix of the measurement noise be 
T 2 2 2
1 2[ ] diag{ , , }nE V V V  "Q VV  
thus the positioning error variance matrix in the least 
square sense can be described as  
T 1 T T 1( ) ( )  P A A A QA A A        (24) 
In particular, if all measurement errors with the same 
variance, viz 2 2 2 21 2 nı ı ı ı    " , then 2ı Q I , 
where I is the identity matrix. Accordingly, the position 
error variance matrix in the least square sense is 
2 T 1( )V  P A A            (25) 
This means that the precision of the analytical celes-
tial navigation based on the least square differential 
correction depends upon the measurement error vari-
ance 2V  and the weighting coefficient matrix of 
T 1( )A A , and A is the partial derivative of the meas-
ured vector ( )H r  with respect to the position vector r. 
5. Simulations 
5.1. Setting simulation conditions 
This section is meant to verify the effectiveness of 
the celestial analytic positioning method based on the 
least square differential correction (the proposed 
method for short) applied to flight vehicles by taking a 
ballistic missile as an example. Fig.2 illustrates the 
missile’s ideal trajectory in the assumed inertial geo-
centric coordinate system of a launch point and the 
missile’s initial launch condition is defined as: lati-
tude=39.889°, longitude=116.43°; time=00:00; azi-
muth Aa=90°; flight distance=10 212 km; flight time= 
1 794 s. 
 
Fig.2  A missile trajectory. 
The accuracy of navigational devices installed on 
missiles is rated as 0.02° for the measurements by the 
horizon sensor and 1Ǝ by the star sensor. The apparent 
ray altitude of refracted starlight is 80 m. Star sensors 
with wide-angle lens are used to make simultaneous 
observation of 3 refracted stars at intervals of 5 s. Gy-
roscope constant drift and random drift are 0.01 
roscope constant drift and random drift are (°)/h and 
0.005 (°)/h respectively. The bias and random error of 
accelerometer are 10 ȝg and 5 ȝg respectively.  
5.2. Simulation results and analysis 
The conventional celestial navigation of indirect ho-
rizon-sensing by stellar horizon atmospheric refraction 
based on the orbital dynamics equation (the conven-
tional method) is no longer valid because the move-
ment characteristics of ballistic missiles cannot satisfy 
the orbital dynamics equations. This creates a need for 
the proposed method to position missiles. 
As the strapdown inertial navigation system (SINS) 
can provide highly precise information about positions, 
velocities and attitudes in a relatively short time after 
initial alignment and calibration on the ground, it is 
used here to provide navigation information about the 
missile from its launching to the flight altitude of 20 
km. When the missile flies beyond the altitude of 20 
km, as the atmospheric effects disappear, the celestial 
navigation system starts working. 
This article integrates SINS with the proposed 
method to calculate the missile’s locations, and pre-
sents the results in Figs.3-5. 
 
Fig.3  Position error in x axis direction by the proposed 
method. 
 
Fig.4  Position error in y axis direction by the proposed 
method. 
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Fig.5  Position error in z axis direction by the proposed 
method. 
Figs.6-8 show the results of the missile’s locations 
calculated by means of the conventional method inte-
grated with SINS. 
Table 1 lists the missile’s positioning errors conse-
quent on the use of proposed and conventional celes-
tial navigation methods.  
Table 1 Errors comparison of the two methods 
Sensing hori-
zon mode 
Error in x 
axis/m 
Error in y 
axis/m 
Error in z 
axis/m 
Directly   2 033.4     1 088.0     2 041.6   
Indirectly    258.1       140.3      285.0   
 
From the simulation results, it can be seen that the 
positioning errors by the method of direct hori-
zon-sensing celestial navigation is up to 3 080 m due 
to the lower accuracy of horizon sensors while that by 
the method of more precise indirect horizon-sensing 
with the least-square differential correction drops to 
409 m. 
As stated above, it is required to select an initial lo-
cation vector r0 when using the positioning method 
with the least square differential correction. If the 
chosen vector is accurate, according to the iterative 
expression r1= r0+ ˆ'r , the location vector can be 
achieved by only one iteration. Otherwise, if the error 
of r0 is larger, the iterative procedure should be re-
peated several times. That is, in each iteration, the 
precedent r1 should be used as a new initial value to 
begin another run of calculation until the difference in 
results of two adjacent calculations is less than re-
quired value of İ. In fact, because the celestial naviga-
tion usually serves as an aided navigation tool to revise 
the errors caused by inertial navigation system (INS), 
the initial vector of r0 can be chosen by referring to the 
information from INS thereby fulfilling the real-time 
requirement of this iterative algorithm. 
 
Fig.6  Position error in x axis direction by the conventional 
method. 
 
 
Fig.7  Position error in y axis direction by the conventional 
method. 
 
Fig.8  Position error in z axis direction by the conventional 
method. 
6.  Conclusions 
It is proved that the accuracy of celestial navigation 
method of indirect horizon-sensing is mainly limited 
by the measurement errors of starlight refraction angle 
and the accuracy of stellar horizon atmospheric refrac-
tion model. The novel stellar horizon atmospheric re- 
fraction model for a CRA from 20 km to 50 km has 
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brought effective improvements to the present starlight 
refraction models by taking into account the starlight 
refraction angle as a function of atmospheric density, 
density scale altitude and starlight tangent altitude, etc. 
in line with the principles of starlight refraction. When 
star sensors capture the refracted stars from any tan-
gent altitude in the range from 20 km to 50 km, the 
starlight refraction navigation system can conduct the 
positioning, which not only contributes to increase of 
the number of available refracted stars, but also en-
hances the probability of capturing refracted stars. 
The proposed celestial navigation method makes use 
of the high precise characteristics of stellar horizon 
atmospheric refraction without needs for the orbital 
dynamics model and priori knowledge of flight vehi-
cles, and, moreover, the algorithm is easy to operate 
with small amount of computational workload. Fur-
thermore, the conventional method has found applica-
tion only in the spacecraft moving round the orbit be-
cause the movement characteristics of flight vehicles 
fail to satisfy the orbital dynamic equations. Using 
celestial analytical positioning algorithm based on the 
least squares differential correction just settles the 
problem. Therefore, the proposed analytical position-
ing method can be used not only for flight vehicles in 
the near space, such as ballistic missiles, high-altitude 
and long-term unmanned vehicles and the cruise mis-
siles, but also for the orbital transfer segment of 
spacecraft, spaceship and space platform and other-
wise.  
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